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1 Introduction

1.1 An overview of the Rabi Model

The Quantum Rabi model describes the interaction of a quantized field with a
two-level atom and is characterized by a Hamiltonian containing three terms:

HRabi = Hf +Ha − d̂ · Ê (1.1.1)

The first term represents the Hamiltonian for the quantized electromagnetic
field, the second term represents the Hamiltonian for a two-level system and the
third term takes into account the interaction between the radiation and the atom
- i.e the energy of the dipole. The expression for Ha is simple: for a system with
energies ±Ω/2, it’s simply given by Ω/2σz. The construction of the other two
terms require a little more attention, therefore we’ll study them in the next two
sections, albeit briefly, since this is not our focus.

ω
Ω

GS

ES

1.1.1 Quantization of the electromagnetic field

For an one-dimensional cavity of length L along the z direction, the expressions
for the EM-field that satisfy the boundary conditions (i.e. the vanishing condition
at z = 0 and z = L) and the Maxwell equations are:

E(z, t) =

√

2ω2

V ε0
q(t) sin (kz)x̂

B(z, t) =
µ0ε0
k

√

2ω2

V ε0
q̇(t) cos (kz)x̂

(1.1.2)
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1. INTRODUCTION

with q(t) being a time-dependent factor and V the effective volume of the
cavity. We already know that the energy density of the EM field is given by
u = ε0|E|2 + 1/µ0|B|2. If we denote q̇(t) by p(t), the Hamiltonian for the single-
mode field simplifies to

H =
p2

2
+
ω2q2

2
(1.1.3)

after we integrate. But this is simply the Hamiltonian of the Harmonic oscil-
lator, which can be written in terms of the creation and annihilation operators.
Therefore, the Rabi Hamiltonian assumes the form: 1

HRabi = ωa†a+
Ω

2
σz − d̂ · Ê (1.1.4)

1.1.2 Atom - field interaction

The electric field operator, after we perform the dipole approximation (λphoton �
ratom) is given by (in the Schrödinger picture):

Ê = ê

√
ω

ε0V
(a+ a†) sin kz (1.1.5)

here ê denotes an unit vector in an arbitrary direction. If we write the dipole
operator as d̂ = d̂ · ê, the interaction term simplifies to

−d̂ · Ê = −gd̂(a+ a†)

where we have absorbed all the constants in a single parameter g. Since the
dipole operator couple the fundamental and excited states, it can be written as
d |0〉 〈1| + d∗ |1〉 〈0|. If we assume that is entries are real, we get d̂ = dσx and the
quantum Rabi Hamiltonian assumes the following form:

HRabi = ωa†a+
Ω

2
σz − λ(a+ a†)σx (1.1.6)

with λ = dg.

1We dropped the zero point energy term. Moreover, we’ll assume that ~ = 1 from now on.
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2 Rabi Model

2.1 The parity operator

We can show that the parity operator

Π = exp

[

a†a+
1

2
(σz + 1)

]

(2.1.1)

commutes with the Hamiltonian. It suffices to show that

ΠHΠ† = H

Since σz and a†a live in different spaces we can decompose the operator as:

Π = exp (a†a) exp

(
σz + 1

2

)

The operator will obviously commute with the first and second terms of the
Hamiltonian. For the third term we may begin by evaluating ΠσxΠ

†. Since σ2
z = 1,

when we exponentiate the operator we get

eiασz = cosα + iσz sinα

So, ΠσxΠ
† = σzσxσz = −σz. If we use the the BCH formula we can also see

that

eiαa
†aae−αa†a = a+ iα[a†a, a]− α2

2!
[a†a, [a†a, a]] + ... = a(cosα− i sinα)

because [a†a, a] = −a. Therefore, since α = π we have Π(a+a†)Π† = −(a+a†),
therefore Π(a+ a†)σxΠ

† = (a+ a†)σx, and the Hamiltonian is invariant under this
transformation.

2.2 Low-energy effective Hamiltonian

Since the Pauli matrix σx has only off-diagonal elements, the interaction term
λ(a + a†)σx will be an off-diagonal block matrix. So, our first task is to find a
method to diagonalize the Hamiltonian. As it was done in [5], the procedure that
we’ll use is the Schrieffer-Wolff transformation. We can write the Rabi Hamiltonian
as:
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2. RABI MODEL

HRabi = H0 − λV = ωa†a− λ
Ω

2
σz + (a+ a†)σx (2.2.1)

this will split the Hamiltonian into two terms: an unperturbed diagonal Hamil-
tonian H0, and an interaction off-diagonal Hamiltonian V. Now, we apply a unitary
transformation U = eS on this Hamiltonian:

H ′ = e−SHRabie
S =

∑ 1

k!
[HRabi, S]

(k) (2.2.2)

with S being an anti-Hermitian and block off-diagonal operator. Our objective
is to find a generator S so that this procedure diagonalizes the matrix above. We
can split up the Hamiltonian into diagonal terms

H ′
d =

∑ 1

(2k)!
[H0, S]

(2k) −
∑ 1

(2k + 1)!
[λV, S](2k+1) (2.2.3)

and off - diagonal terms

H ′
od =

∑ 1

(2k + 1)!
[H0, S]

(2k+1) −
∑ 1

(2k)!
[λV, S](2k) (2.2.4)

since the product between diagonal and off-diagonal matrices will yield off-
diagonal matrices and so on. 2The expanded terms of lower orders will be:

H ′
od = −λV + [H0, S]

(1) − 1

2!
[λV, S](2) +

1

3!
[H0, S]

(3) + ...

We can parametrize the generator S as:

S ≡ λS1 + λ3S3

So, the off-diagonal Hamiltonian becomes

H ′
od =− λV + λ[H0, S1] + λ3[H0, S3]−

1

2
[[λV, λS1 + λ3S3], λS1 + λ3S3]

+
1

6
[[[H0, λS1 + λ3S3], λS1 + λ3S3], λS1 + λ3S3] + ...

If we expand the commutators we will see that

[λV, S](2) = λ3[[V, S1], S1] +O(λ5)

and that

2the fact that we’re dealing with 2x2 block matrices make it easy to decide whether the
product will be diagonal or not
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The Critical Rabi Model

[H0, S]
(3) = λ3[[[H0, S1], S1], S1] +O(λ5)

If we require that the first order terms go to zero, the following condition can
be found:

[H0, S1] = V (2.2.5)

if we do the same for the terms of third order we will find that:

[H0, S3]−
1

2
λ3[[V, S1], S1] +

1

6
[[[H0, S1]
︸ ︷︷ ︸

=V

, S1], S1] = 0

Thus,

[H0, S3] =
1

3
[[V, S1], S1] (2.2.6)

The generator that satisfies the first condition is simply

S1 =
1

Ω
(a+ a†)(σ+ − σ−) +O

(ω0

Ω2

)

(2.2.7)

And for the second one we must have

S3 = − 4

3Ω3
(a+ a†)3(σ+ − σ−) +O

(ω0

Ω4

)

(2.2.8)

The diagonal terms up to fourth order will be:

H ′ = H0 −
λ2

2
[V, S1] +

λ4

24
[[[V, S1], S1], S1]−

λ4

2
[V, S3]

We can use the identities [σz, σ±] = ±2σ±, σ
2
+ = σ2

− = 0 and σ±σ∓ = σ± to
evaluate the commutators. This will give us:

H ′ = ω0a
†a+

Ω

2
σz+

g2ω2
0

4Ω
σ0+

ω0g
4

4
(a+a†)2σz−

g4ω2
0

16Ω
(a+a†)4σz+O

(
g2ω2

0

Ω2

)

(2.2.9)

With g = 2λ/
√
ω0Ω. The last step is to project this Hamiltonian onto the |↓〉

space. Since 〈↓| σz |↓〉 = −1, we get, after the projection

HΩ
np = 〈↓|H ′ |↓〉 = ω0a

†a− Ω

2
− ω0g

4

4
(a+ a†)2 +

g4ω2
0

16Ω
(a+ a†)4 +

g2ω2
0

4Ω
(2.2.10)

A projection onto the |↑〉 space would give us a kinectic term (a + a†)2 ∝ x2,
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2. RABI MODEL

↑ ↓

↑

↓

↑ ↓

↑

↓

Figure 1: A representation of the Hamiltonian in matrix form. On the left we have the non-
diagonalized Hamiltonian. The off-diagonal that couple the spin subspaces term arise from the
interaction between the atom and the field. On the right we have the diagonalized Hamiltonian.
The blue block matrix represents the low-energy subspace that we obtain after the projection.

with a plus sign. This kind of term will in general increase the energy of the
harmonic oscillator. Therefore, since we want to capture the low-energy physics,
the projection that we chose makes more sense. Lastly, we parametrize the field-
atom coupling constant as λ ∝ N , the frequency as Ω ∝ N2 and take N → ∞. By
doing so, the coupling constant g will remain finite and we’ll be able to diagonalize
the Hamiltonian exactly. In this thermodynamic limit we finally obtain:

Hnp = ω0a
†a− Ω

2
− ω0g

2

4
(a+ a†)2 (2.2.11)

This Hamiltonian is much easier to work with, since the presence of σz instead
of σx in the mixed term assures that the Matrix will remain block diagonal.

2.3 Normal Phase

2.3.1 Diagonalization of the Hamiltonian in the Ω/ω0 → ∞ limit

First of all, we should rewrite the projected Hamiltonian as:

H̄np = ω

(

1− g2

2

)

a†a− ωg2

4
(aa+ a†a†)− Ω

2
(2.3.1)

By doing so we can relate these parameters to the Hamiltonian (6.3.1) in the
appendix through:
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ξ = ω

(

1− g2

2

)

, and κ = −ωg
2

4
(2.3.2)

Using the results already found in the appendix, we can see that the solution
is simply:

r =
1

2
tanh−1

(
g2

2

1− g2

2

)

But this can be written as a logarithm. Since

tanh−1 x =
1

2
ln

(
1 + x

1− x

)

The squeezing parameter becomes:

rnp = −1

4
ln (1− g2) (2.3.3)

By making use of the equation (6.3.4) in the appendix, we can finally find the
diagonalized Hamiltonian:

Hnp = ω0

√

1− g2a†a− Ω

2
+
εnp − ω0

2
(2.3.4)

with excitation energy εnp:

εnp = ξ̃ =
√

1− g2

and ground state energy EG,np:

EG,np =
ξ̃ − ξ

2
− Ω

2
=
εnp − ω0

2
− Ω

2

Note that the gap closes at the critical point g = gc = 1. This suggests that
the GS is degenerate and we have a QPT. Therefore, in the next section we will
take this criticality into account when diagonalizing the Hamiltonian.

2.3.2 Exact solution in the Ω/ω0 → ∞ limit

Since the eigenvalue if a†a is m, the eigenvalue of this Hamiltonian will be:

Em
np = mεnp + EG,np (2.3.5)

And since we squeeze the Hamiltonian, transforming it as S†HRabiS, the eigen-
vector in the field space will be S[rnp] |m〉, but we are also projecting the Hamil-
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2. RABI MODEL

tonian onto the H↓ space, therefore the eigenvector will be:

|φm
np〉 = S[rnp] |m〉 |↓〉 (2.3.6)

In the ground state |φ0
np〉, the expected value for the rescaled photon number

will be (we should normalize it, otherwise since its proportional to Ω, which goes
to infinity):

nc,np =
ω0

Ω
〈φ0

np| a†a |φ0
np〉 = 〈0|S†[rnp](a

†a)S[rnp] |0〉

But 〈a†a〉 = 〈a2〉 = 〈(a†)2〉 = 0. Thus:

nc,np =
ω0

Ω
sinh2 rnp =

ω0

Ω

cosh(2rnp)− 1

2
(2.3.7)

The variance for the position will be:

∆xnp = erp = (1− g2)−
1

4 (2.3.8)

Due to the imaginary term the variance of the moment will be a bit different:

∆pnp = e−rp = (1− g2)
1

4 (2.3.9)

We’ve simply used the results for the squeezing operator stated in the appendix.
Note the these expression also give us the critical exponents. For ∆xnp for example,
the critical exponent is −1/4.

2.4 Superradiant Phase

The procedure to diagonalize the Rabi Hamiltonian in the superradiant case re-
quires an extra step. When g > 1 we leave the low-energy regime, and as we’ll
see, the number of photons gets proportional to Ω. The strategy to bypass this
problem apply the Displacement operator on the Hamiltonian to displace the field:

H̃Rabi = D†[α]HRabiD[α] = ω0(a
†+α)(a+α)−λ(a+a†)σx+

Ω

2
σz−2λασx (2.4.1)

Here we have taken α ∈ R. This will give us rescaled constants and we’ll recover
the low-energy physics. But we should first find an appropriate change of basis to
lead us to the Hamiltonian of the same form that we had before.

The Critical Rabi Model
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2.4.1 Change of basis

We should aim to find the eigenvalues and eigenvectors of the atomic part of this
new Hamiltonian, i.e. Ω/2σz − 2λασx. If we use the formula that we found in the
appendix for the eigenvalues and eigenvectors we will see that the Pauli matrices
in the old and new basis are related by:

σx = sin 2θτz + cos 2θτx (2.4.2)

and that its eigenvalues turn out to be:

η1,2 =
Ω̃

2
=

√
Ω2 + 16λ2α2

2
(2.4.3)

With tan 2θ = −4λα/Ω Moreover, we can also use the spectral decomposition
to find the value of

Ω

2
σz − 2λασx

in the new basis. We can simply write it as

Ω

2
σz − 2λασx =

∑

i

λi |λi〉 〈λi| =
Ω̃

2
|↑̃〉 〈↑̃| − Ω̃

2
|↓̃〉 〈↓̃|

or, in terms of the pauli matrix in the new basis,

Ω

2
σz − 2λασx =

Ω̃

2
τz (2.4.4)

After this change of basis the Hamiltonian will become

H̃Rabi = ω0a
†a− λ cos 2θ(a+ a†)τx + ω0α

2 + (αω0 + λ sin 2θτz)(a+ a†)

As we’ve done before, we will also project this Hamiltonian on the H↓ space.
If we require that the projected term (αω0 − λ sin 2θ)(a+ a†) = 0, we will recover
the same Hamiltonian that we had in the previous section and we can apply the
same procedure. This can be achieved if

α = ±αG = ±
√

Ω

4g2ω0

√

g4 − 1

and we get:

The Critical Rabi Model
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2. RABI MODEL

H̃Rabi(±αG) = ω0a
†a− λ̃(a+ a†)τx +

Ω̃

2
τz + ω0α

2
g (2.4.5)

Note that after we apply the Schrieffer-Wolf perturbation and project this
Hamiltonian it will assume the same form that (2.2.11), with rescaled constants
λ̃ = λ cos 2θ =

√
ω0Ω/2g and Ω̃ = g2Ω.

2.4.2 Exact solution in the Ω/ω0 → ∞ limit

The effective Hamiltonian in this case is:

Hsp = ω0a
†a− ω0

4g4
(a+ a†)2 − Ω

4
(g2 + g−2) (2.4.6)

To see this, we can note that the quadratic term will have a new coefficient
given by ω0g̃

2/4 = λ̃2/Ω̃ = ω0/4g
2. The last term on the other hand comes from

ω0α
2
g.

We can notice that Hsp and Hnp dif-
fer only by a substitution g2 → 1/g2 in
the term (a+ a†), therefore we can follow
the same procedure that we did before we
find:

εsp(g) = ω0

√

1− g−4 (2.4.7)

and a ground state energy:

0 1 2
0

0.25

0.5

0.75

1

g

gc

ϵ

SPNP

EG,sp(g) =
εsp(g)− ω0

2
− Ω

4
(g2 − g−2) (2.4.8)

with eigenstate

|φm
sp(g)〉± = D[αg±]S[rsp] |m〉 |↓±〉 (2.4.9)

with the new states being:

|↓±〉 = ∓
√

1− g−2

2
|↑〉+

√

1 + g−2

2
|↓〉 (2.4.10)
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Critical exponents
ε ∆p ∆x nc

1/2 1/4 −1/4 1

0 1 2

-1.5

-1.

-0.5

0

0.5

g

gc

SPNP

eG

d2 eG

dg2

0 1 2
0

0.25

0.5

0.75

1

g

gc

n
C

SPNP

Figure 2: On the left we have a plot for the rescaled ground state energy. We can see that
its second derivative is discontinuous at the critical point. On the right we have a plot for the
(normalized) number of photons, which increases monotonically in the superradiant phase.

2.5 The no-go theorem

Let’s suppose that we have a quadratic term in the Hamiltonian, i.e.

HA
Rabi = ω0a

†a+
Ω

2
σz − λ(a+ a†)σx +D(a+ a†)2 (2.5.1)

If we arrange the equation above to write it in the form (6.3.1), we get:

HA
Rabi = (ω0 + 2D)a†a+

Ω

2
σz − λ(a+ a†)σx +D(aa+ a†a†) +D (2.5.2)

If we apply the squeezing operator in this Hamiltonian with the following sub-
stitutions:

ξ = ω0 + 2D (2.5.3)

and

κ = D (2.5.4)

we get:

e4r =
(ω0 + 2D)− 2D

(ω0 + 2D) + 2D
=⇒ e−4r = 1 +

4D

ω0

(2.5.5)
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2. RABI MODEL

This will lead us to the following Hamiltonian:

H̄A
Rabi = ω̄0a

†a− λ̄(a+ a†)σx +
Ω

2
σz (2.5.6)

With the first renormalized frequency being:

ω̄0 = ξ cosh 2r + 2κ sinh 2r = ω0

(

1 +
4D

ω0

) 1

2

and

λ̄ = λ(cosh r + sinh r) = λer = λ

(

1 +
4D

ω0

) 1

4

2.6 Finite-Frequency Scaling

2.6.1 Ground state

Now we will look back to the Hamiltonian ?? and take into account the fourth order
terms. Since we can’t apply the same procedure to diagonalize this Hamiltonian,
we will make use of the variational method instead to estimate groud state energy
and other relevant parameters. A reasonable strategy is to propose the squeezed
vacuum |ψ0(s)〉 = S[s] |0〉 as a trial wave function. The variational method would
then provide a suitable value for s.

To evalute this extra term, one should notice that

S†[s](a+ a†)4S[s] = e4r(a+ a†)4

Even though fourth orders terms are cumbersome, this one can be substantially
simplified because the only terms that will survive when sandwiched by the vacuum
will be:

〈0| [(aa†)2 + 1] |0〉 = 3

Thus, the extra term in the Hamiltonian yields:

g4ω2
0

16Ω
〈ψ0(s)| (a+ a†)4 |ψ0(s)〉 =

3ω2
0g

4

16Ω
e4s (2.6.1)

Therefore, we obtain the following expression for the ground state energy:

E0 = 〈ψ0(s)|Hnp |ψ0(s)〉 =
ω0

2
cosh (2s)− ω0g

2

4
e2s+

3ω2
0g

4

16Ω
e4s− Ω

2
+
g2ω2

0

4Ω
(2.6.2)

The Critical Rabi Model

15



The Critical Rabi Model

If we derive this expression we obtain:

∂E

∂s
=

3g4ω0

2Ω
e6s + (1− g2)e4s − 1 = 0

At the critical point g = gc = 1, the solution acquires a simple form:

sc =
1

6
ln

(
2Ω

3Ω0

)

(2.6.3)

If we insert this parameter into (2.6.1), we can obtain an expression for the
normalized correction of the ground state energy:

eG,gc(Ω/ω0) =
ω0

Ω
(E0(s)− EG,np(gc)) (2.6.4)

This parameter evaluates the difference between EG,np(gc), i.e. the ground state
energy found analytically, when we considered only the second order terms, and
the ground state energy E0(s) found by means of the variational method, where we
considered fourth order terms in the bosonic operators. It’s interesting to write this
in terms of power of the ratio Ω/ω0, so we just use a bit of algebra here in order to
simplify the expression. If we rewrite the normalizartion factor as (2Ω/3ω0)

−1(2/3),
the correction will be:

eG,gc(Ω/ω0) =
ω0

4

(
2Ω

3ω0

)− 4

3

+O

(
ω2
0

Ω2

)

(2.6.5)

and for the number of photons, we have:

nc,gc(Ω/ω0) = 〈ψ0(s)| a†a |ψ0(s)〉 =
ω0

Ω

(
cosh(2r)− 1

2

)

(2.6.6)

If we compute the leading order¿

nc,gc(Ω/ω0) =
1

6

(
2Ω

3ω0

)− 2

3

+O
(ω0

Ω

)

(2.6.7)

and for the quadratures we have:

∆xgc =

(
2Ω

3ω0

) 1

6

, ∆pgc =

(
2Ω

3ω0

)− 1

3

2.6.2 Energy gap and finite-frequency scaling

The second order contribution will be:
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ω0

2
e2r 〈m|

(

a†a+
1

2

)

|m〉 = m

2
+

1

4

The fourth order contribution in turn, will be:

ω0

16

(ω0

Ω

)

e4s 〈m| (a+ a†)4 |m〉 = ω0

16

(ω0

Ω

)

e4s 〈m| (2a†a+ aa+ a†a† + 1)2 |m〉

We can use the completeness of the fock states to evaluate this expression:

〈m| (a+ a†)4 |m〉 =
∑

n

〈m| (2a†a+ aa+ a†a† + 1) |n〉 〈n| (2a†a+ aa+ a†a† + 1) |m〉

If we make use the the orthotornomality of the eigenstates, we can see that the
first term is:

〈m| (2a†a+aa+a†a†+1) |n〉 = (2nδn,m+
√

n(n− 1)δm,n−2+
√

(n+ 1)(n+ 2)δm,n+2+δn,m)

We find a similar expression for its conjugate. Therefore the contribution of
the fourth order term is:

〈m| (a+ a†)4 |m〉 = 6m2 + 6m+ 3

Hence, the energy of the m-th excited state is:

Em(sc) = 〈ψm(s)|Hnp |ψm(s)〉 =
ω0

4

(
m2 + 3m

4
+

3

8

)(
2Ω

3ω0

)− 1

3

(2.6.8)

So, the gap between two arbitrary is states is:

εn,m(gc,Ω/ω0) =
ω0

4

(m− n)(m+ n+ 3)

4

(
2Ω

3ω0

)− 1

3

(2.6.9)

In particular, we have

ε1,0(gc,Ω/ω0) = ω0

(
2Ω

3ω0

)− 1

3

for the gap between the ground and the first excited state.
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Finite-frequency scaling exponents
ε ∆p ∆x nc

−1/3 −1/6 1/6 −2/3

Lastly, since the finite-frequency scalin g of the transition amplitude is deifned
as:

ξn,m(g,Ω/ω0) = −〈n|S†[sc]
∂

∂g
S[sc] |m〉 (2.6.10)

We have

ξn,m(g,Ω/ω0) = −∂sc
∂g

〈n| (a†a† − aa) |m〉

Since a |m〉 = √
m |m− 1〉 and a† |m〉 =

√
m+ 1 |m+ 1〉, we have:

ξn,m(g,Ω/ω0) = −∂sc
∂g

(√

(m+ 2)(m+ 1)δn,m+2 −
√

m(m− 1)δn,m−2

)

(2.6.11)

To find the derivative of the squeezing parameters we simply use implicit dw-
erivation, which yields

−∂s
∂g

=
−12g2ω0e2s+ 4Ω2

18ω0Ωe2s

If we simplify, we get:

ξn,m(g,Ω/ω0) =

[

2

3
− 1

3

(
2Ω

3ω0

) 2

3

]
(√

(m+ 2)(m+ 1)δn,m+2 −
√

m(m− 1)δn,m−2

)
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3 Dynamics

3.1 Adiabatic Perturbation Theory

The instantaneous eigenstates are given by:

|ψ(t)〉 =
∑

n

eiΘn |ψ(0)〉 =
∑

n

αn(t)e
−iΘn(t) |rnp(g(t)), n〉 (3.1.1)

the convention here is to define

Θn(t) =

∫ t

0

εn(t
′)dt′

The Schrödinger equation tells us that (we are using ~ = 1):

i
d |ψ〉
dt

= H |ψ〉 = εn |ψ(t)〉 (3.1.2)

if we derive the first expression we get

∑

n

iα̇n(t)e
−iΘn(t) |rnp(g(t)), n〉+Θ̇n |ψ(t)〉+iαn(t)e

−iΘn(t)
d

dt
|rnp(g(t)), n〉 = εn |ψ(t)〉

since Θ̇n = εn, the second term on the left-hand side and the term in the
right-hand side cancel each other, and we arrive at

α̇ = −
∑

m

αm(t) 〈rnp(g(t)), n|
∂

∂t
|rnp(g(t)),m〉 ei(Θn(t)−Θm(t))

therefore, if we make the substitution g = ġt, the solutions are given by

αn(g) = −
∑

m

∫ g

0

dg′αm(g
′) 〈rnp(g′), n|

∂

∂t
|rnp(g′),m〉 ei(Θn(g′)−Θm(g′))

know, supposing that our initial state was |Φ(0)〉 = |rnp(g), 0〉 (this means that
α0 = 1) and that the quench is slow, i.e g � 1, we can approximate the solution
of the previous equation to

αn(g) ≈ −
∫ g

0

〈rnp(g′), n| ∂g′ |rnp(g′), 0〉 ei(Θn(g′)−Θ0(g′))dg′ (3.1.3)
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By using a Taylor expansion, we can evaluate the oscillating integral above,
since

∫ x2

x1

f(x)eiαg(x) =
1

iα

f(x)

g′(x)
eiαg(x)

∣
∣
∣
∣

x2

x1

+O(α−2)

thus, only the first term in the expansion contributes. We should remember
that

Θn(g) =
1

g

∫ g

0

εn(g
′)dg′

to obtain

αn(g) ≈ iġ
〈rnp(g′), n| ∂g′ |rnp(g′), 0〉

εn(g)− ε0(g)
ei(Θn(g′)−Θ0(g′))

∣
∣
∣
∣

g

0

+O((̇g)2)

We know that rnp(g) = −1/4 ln (1− g2) and that a†
2 |0〉 =

√
2 |2〉, thus the

inner product in the expression above is given by

〈rnp(g′), n| ∂g′ |rnp(g′), 0〉 = −
√
2g

4(1− g2)
δm,2

and the only correction for the wave function is given by the coefficient

α2(g) ≈
−igġ

4
√
2(1− g2)zν+1

ei(Θn(g′)−Θ0(g′)) (3.1.4)

the expression for the energy gap was written as εn(g) = nω0(1− g2)zν aiming
generality, so the expression is valid even for a different set of critical exponents.
With this expression in hands we can finally find the residual energy at the end of
the quench, given by

Er(gf ) =
∑

n>0

εn(gf )|αn(gf )|2 ≈ τ−2
q

g4f
16ω0(1− g2f )

zν+2
(3.1.5)

because ġ = gf/τq.

3.2 Kibble - Zurek Mechanism

3.2.1 Classical case

It’s known in the scaling theory that both the correlation length and relaxation
time of system that undergoes a phase transition diverge as we approach the critical
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point. We say that there was a breakdown in the adiabacity of the system, and
the phase transition ends incompletely.

ξ(ε) ∝ ξ0ε
−ν (3.2.1)

τR ∝ τ0ε
−zν (3.2.2)

Since the process is not instantaneous, the system is not able to respond to ex-
ternal stimuli fast enough, i.e. it doesn’t relax to equilibrium, and as a consequence
the changes in the system occur locally, rather than globally.

The KZM mechanism is used to describe second-order phase transitions while
taking this effect into account. Let’s consider that the system is able to relax to
equilibrium until a certain critical point in time called t̂. We’ll divide the behaviour
of the system into two different regimes:

• An adiabatic regime, where the typical relaxation time is much lower than
the inverse of the quench rate and the changes occur adiabatically

• An impulsive regime, where we observe a breakdown in the adiabacity

Adiabatic
Regime

Impulsive Regime

λ
λC

τ

τR

τQ

If we assume tha the temperature is quenched linearly as

T (t) = TC

(

1− t

τ

)

the critical time t̂ is the instant when the relaxation time is equal to the re-

maining time until the system reaches the critical point τ(T − TC). Using the
relation (3.2.2) from the scaling theory, we get

t̂ ∝
(
τ

τ0

)− zν

zν+1
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3.2.2 Quantum Counterpart

In the case of the QPT, the relevant quantity will be a parameter λ which is driven
towards the critical point λC . Ww’ll also assume in our analysis that the energy
gap scales as ∆ ∝ ∆0(λ− λc)

zν . The relaxation time - or ’reaction time’ - can be
taken as

τR =
~

∆

So, as we can see, as the gap closes the system diverges. On the other range,
the timescale related to how fast the Hamiltonian is driven by external changes is
given by:

1

τQ
=

1

∆

d∆

dt

Thus, if we solve the relation:

d∆

dt
= ∆2 (3.2.3)

we arrive at the appropriate scaling relation. If we assume that the parameter
λ changes linearly (at least close to the critical point), i.e. dλ/dt ∝ 1/τ , we arrive
at the following result:

λ̂ = τ−
1

1+zν (3.2.4)

and

t̂ = τ
zν

1+zν (3.2.5)

where λ̂ and λ̂ represent the values of the parameter and the time at the
crossover between the two regimes, respectively.

3.2.3 KZM and the Rabi Model

In units of ~ = 1 energy is given by E = f , thus we can take the relaxation time
of the Rabi system to be

η(g) = 2εnp(g)

Since some states are not accessible, making some transitions forbidden due to
the parity symmetry, we have the factor of two above. So we can simply use the
formalism developed in the previous section taking η as the ’effective’ gap. Thus,
in a similar spirit , we have to solve:
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(2ω0(1− ġ2)zν)2 = |2ω0ġ(−2zνĝ)(1− ĝ2)zν−1|
Taking the modulus and breaking the diffence of squares apart on the LHS we

get:

4ω2
0(1 + ĝ)2zν(1− ĝ)2zν =

gf
τq
4ω0zzνĝ(1 + ĝ)zν−1(1− ĝ)zν−1

which simplifies to

(1− ĝ)zν+1 =
gf
ω0τq

zνĝ(1 + ĝ)−zν−1

If we quench the system during a sufficient long time, while ending it at the
critical point gf = 1, the crossover point ĝ will be close to 1, and will can approx-
imate the expression ĝ/(1 + ĝ)−zν−1 ≈ 2−3/2, since zν = 1/2 the present model.
The equation above becomes

ĝ ≈ 1− (4
√
2ω0τq)

− 1

zν+1

We can use this value for g to calculate the residual energy at the crossover,
which will remain constant at the impulsive regime. Substituting into the (3.1.5):

Er(ĝ) ≈ τ−2
q

1

16ω0

(4
√
2ω0τq)

zν+2

zν+1 ∝ τ
− zν

zν+1

q (3.2.6)

using or set of critical exponents, we get Er ∝ τ
−1/3
q , in contrast to Er ∝ τ−2

q

in the adiabatic regime.

3.3 Equation of Motion for Quench Dynamics

3.3.1 Infinite ω0/Ω

Let’s go back to our quadratic Hamiltonian in the normal phase, this time making
it time dependent in the quench parameter:

Hnp(g(t)) = ω0a
†a− ωg2(t)

4
(a+ a†)2 − Ω

2
(3.3.1)

In the Heisenberg picture, the bosonic operator is given by

aH(t) = u(t)a+ v∗(t)a†

And in order to preserve the commutation relation the parameters u(t) and
v(t) must satisfy |u(t)|2 − |v(t)2| = 1 at all times. Its equation of motion is:
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iu(t)a+ iv∗(t)a† = ω0(u(t)a+ v∗(t)a†)− ω0g
2(t)

4
[(u(t) + v(t))a+ (u(t) + v(t))∗a†]

If we commute the expression above with [..., a†] and [a, ...] respectively, we get
the following set of couplet differential equations:

i

ω0

du(t)

dt
=

(

1− g2(t)

2

)

u(t)− g2(t)

2
v(t)

− i

ω0

dv(t)

dt
=

(

1− g2(t)

2

)

v(t)− g2(t)

2
u(t)

(3.3.2)

with u(0) = 1 and v(0) = 0 as initial conditions. The residual energy at the
end of the quench will be:

Er = ω0|v(τq)|2 −
ω0g

2
f

4
|u(τq) + v(τq)|2 −

εnp(gf )− ω0

2
(3.3.3)

3.3.2 Effect of finite ω0/Ω

Since in this case we have a fourth order term in the Hamiltonian, we’ll arrive at
a slightly different set of ODEs. In this case the Hamiltonian is

Hnp(g(t)) = ω0a
†a− ωg2(t)

4
(a+ a†)2 +

ω0g
4(t)

16Ω
(a+ a†)4 − Ω

2
+
ω2
0g

2(t)

4Ω
(3.3.4)

The Heisenberg EOM under this Hamiltonian is

iu(t)a+ iv∗(t)a† = ω0(u(t)a+ v∗(t)a†)− ω0g
2(t)

4
[(u(t) + v(t))a+ (u(t) + v(t))∗a†

+
3ω0g

4(t)

4Ω
|u(t) + v(t)|2[(u(t) + v(t))a+ (u(t) + v(t))∗a†]

This time we get this following set of ODEs, which will share an extra term,
the leading order correction
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i

ω0

du(t)

dt
=

(

1− g2(t)

2

)

u(t)− g2(t)

2
v(t) +

3g4(t)

4Ω
(u(t) + v(t))|u(t) + v(t)|2

− i

ω0

dv(t)

dt
=

(

1− g2(t)

2

)

v(t)− g2(t)

2
u(t) +

3g4(t)

4Ω
(u(t) + v(t))|u(t) + v(t)|2

In this case, the residual energy will be:

EΩ
r = ω0|v(τq)|2 −

ω0g
2
f

4
|u(τq) + v(τq)|2 +

3ω0g
4
f

4Ω
|u(τq) + v(τq)|4 −

ω0

4

(
2Ω

3ω0

)−1/3

These relations could be confirmed with numerical simulations, as shown below.

0.1 1 10 100 1000 104

10-6

10-4

0.01

1

τq

E
r

τq
-2

τq
-

1

3

gc - g= 10-1

gc - g= 10-2

gc - g= 10-3

gc - g= 10-4

Figure 3: Residual energy as a function of the final quench time. The dashed lines show the
expected behavior for both regimes. The colored lines represent the numerical solutions for the
system Dynamics.
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Figure 4: Plot for the critical exponent as a function of time, fitted for different values of final
quench parameter g.
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0.001 0.010 0.100 1
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-0.5

τq: [10,100]

Figure 5: Plot for the critical exponent as a function of the final parameter g, fitted for the
interval of time [0, 100].
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4 Dissipative Phase Transtion
The dissipation in the model, which corresponds to a possible loss of photons

in the cavity, can be described through a master equation of the form

ρ̇ = L[ρ] = −i[HRabi, ρ] + 2κD[a] (4.0.1)

with a dissipator of the form

D[a] = aρa† − a†aρ− ρa†a (4.0.2)

ω
Ω

GS

ES
κκκ

4.1 Semiclassical analysis

Under the presence o a dissipator, the evolution of the mean value of an observable
is given by the following expression:

d〈O〉
dt

= i〈[H,O]〉+ Tr {OD(ρ)} (4.1.1)

If we define a adjoint dissipator as:

D̄[L](O) =
1

2
L†[O,L] +

1

2
[L†, O]L (4.1.2)

The expected values can simply be calculated through:

d〈O〉
dt

= i〈[H,O]〉+ 〈D̄(O)〉 (4.1.3)

Our work reduces to the calculation of some commutators. Luckly for the open
QRM we have D̄ = κD[a]. The first EOM for example, is simply:
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〈ȧ〉 = i〈[H, a]〉+ 〈D̄(a)〉
So, let’s calculate the relevant dissipators. We have ω0[a

†a, a] = −ω0a, −λ[(a+
a†)σx, a] = λσx, −λ[σx, σ+] = λσz and −λ[σx, σz] = 2λ(σ+ − σ−). The dissipators
on the other hand are:

D[a](a) = −a
2

D[a](a†) = −a
†

2

and we obviously have D[a](σ+) = D[a](σ−) = 0, since the photon dissipation
should have no direct effect on the qubit part of the system. After doing these
calculations we get the first we get the EOM:

〈ȧ〉 = −i(ω0 − iκ)〈a〉 − iλ〈σx〉
〈σ̇+〉 = iΩ〈σ+〉 − iλ(〈a〉+ 〈a〉∗)〈σz〉
〈σ̇z〉 = −2iλ(〈a〉+ 〈a〉∗)(〈σ+〉 − 〈σ−〉)

(4.1.4)

Now we introduce the same coupling parameter g that we use in the close QRM.
Moreover, we write the frequency of the atom Ω in units of ω0 as η. We will do
the same for the dissipation factor, writing κ̄ ≡ κ/ω0 Defining the averages as
α = 〈a〉/η s+ ≡ 〈σ+〉 and sz ≡ σz. We finally get the equations for the steady
state:

0 =κ̄)α + g
(s+ + s∗+)

2

0 =− s+ + g
(α + α∗)

2
sz

0 =g(α + α∗)(s+ − s∗+)

(4.1.5)

Since in the mean field approximation we consider that the state is pure (for
example, we do approximations of the form 〈σza〉 = 〈σz〉〈a〉, which means that
there’s no correlation), we use the constant of motion

〈σx〉2 + 〈σy〉2 + 〈σz〉2 = 1 (4.1.6)

this yields two set of stable solutions. For g < gc we have the first one, where
s+ = α = 0, sz = ±1. For the second stable solution on the other hand we have
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s+ = ±1

2

√

1− g4c
g4
, α = ∓ g

2(1− iκ̄)

√

1− g4c
g4
, sz = −g

2
c

g2
(4.1.7)

There’s also a solution with positive sz but since we’re interested in the regime
of lower energy we discard it.

4.2 Master Equations

Now, we simply repeat the procedure that we did in the close QRM to derive the
master equation for both phases, but this time we apply the unitaries into the
Lindblad equation, instead of the Hamiltonian. For the normal phase we’ll have:

ρ̇ = −i[ωa†a− ω0g
2

4
(a+ a†)2, ρ] + κD[a] +O(η−1/2) (4.2.1)

Since we have η → ∞ in the thermodynamic limit, only the zeroth order
term of the transformed dissipator survives, all the corrections of higher order
are negligible. For the superradiant phase we once again apply the displacemene
operator, this time using the parameter α that we got in the last section through
semiclassical analysis. In this case the parameter won’t coincide with what we
found for the closed model, since in this case the dissiapation introduces new
physics and we should expect a different displacement in the steady state. In
particular, the term has now an imaginary part:

α =
g
√
η

2g2c
(1 + iκ̄)

√

1− g4c
g4

(4.2.2)

The displacement operator actually affects the dissipator, the net effect is that
we’ll have new terms on the commutator:

ρ̇′ = −i[D†[α]HRabiD[α] + iκ(α∗a− αa†), ρ′] + κ(2aρ′a† − a†aρ′ − ρ′a†a) (4.2.3)

After we apply the displacement operator and the usual procedure, the resulting
Hamiltonian for the superradiant phase is:

Hsp = ω0a
†a− ω0g

6
c

4g4
(a+ a†)2 − Ω

4

(
g2

g2c
+
g2c
g2

)

(4.2.4)

with the last term corresponding to the ground state energy. Our master equa-
tion is thus:

ρ̇′ = −i[Hsp, ρ
′] + κ(2aρ′a† − a†aρ′ − ρ′a†a) (4.2.5)
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so we can see that in comparison to the normal phase, we simply have a sub-
stitution of the form:

g → g3c
g2

4.3 Equations of motion

The equation of motion for the bosonic operators will be given by u = Lnpu. With
Liouvillian:

Lnp = ω0

(

−i(1− g2

2
)− κ̄ ig2

2

− ig2

2
i(1− g2

2
)− κ̄

)

(4.3.1)

We have an analog equation for the superradiant phase. It suffices make the
appropriate constant substitution that we saw at the end of the previous section.
The eigenvalues of the matrix will be:

`np = −κ± iω0

√

1− g2 (4.3.2)

The first point of interest is g1 = 1. In this case the second terms become
purely imaginary, and the eigenvalue ` becomes purely real, and we begin to have
a decrease in the so-called asymptotic decay rate, defined as:

κADR ≡ −Re[`np]
Which is a quantity related to the ”damping” of the system, if we consider

that the imaginary part plays a oscillatory role. The second point of interest is the
actual critical point of the system. We can see that for

gc =
√
1 + κ̄2 (4.3.3)

the decay rate actually becomes zero. In the closed QRB, the phase transition
is characterized by the closing of the energy gap. But in the dissipative case the
notion of an energy gap is pretty much lost, and instead what we observe is the
closing of the Liouvillian gap. In this case we can see that the decay rate becomes
positive when we reach the critical point, and the solution becomes unstable. This
is really similar to what we saw in the closed system. If we do the same for the
superradiant phase, we get

`sp = −κ± iω0

√

1− g6c
g4

(4.3.4)
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The point of interest here is g2 = g
3/2
c . Between gc and g2 the square root

is imaginary, and thus, the second term contributes to the decay rate. After we
cross this point the term becomes purely imaginary once again, and the decay back
returns to its original value.

0 1 gc gc
3/2

0

κ

g

κ
A

D
R

SPNP

Figure 6: Asymptotic decay rate as a function of g.

Moreover, we can calculate the expected value for the bosonic operators at
the steady state. For the normal phase they will be the trivial solution 〈a〉 =
0. This means that there’s no field displacement. However, since we displace
the Hamiltonian to solve for the superradiant phase we have, at the steady state
〈a〉 = α. This means that we will have displacement in both quadratures. The
effect of the dissipation is to introduce a displacement into the p-quadrature, since
〈p〉 ∝ Im(α) ∝ κ, something that does not happen in the closed system.

p

x

〈x〉 ∝ Re(α)

p

x

〈p〉 ∝ Im(α) ∝ κ

〈p〉

Figure 7: Depiction of the distribution in the quantum phase space at the steady state.
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5 The Dicke Model
5.1 Introduction

The Dicke model is a many-body version of the Rabil model, describing the inter-
action between N atom and an electromagnetic mode:

HDicke = ωa†a+
N∑

i

Ωsiz +
λ√
N
(a+ a†)six (5.1.1)

We first write the Hamiltonian in a Rabi-like way defining an overall spin op-
erator:

Sz =
1

2

∑

σi
z, Sx =

1

2

∑

σi
x (5.1.2)

The Hamiltonian assumes the form:

HDicke = ωa†a+ ΩSz +
λ√
N
(a+ a†)Sx (5.1.3)

As we’ll soon show, this model also presents a quantum phase transition with a
superradiant phase in the thermodynamic limit of infinite particles N → ∞, which
is different from what we did for the QRM. This also means that the diagonalization
procedure that we’ll employ is slightly different.

5.2 Finding the eigenstates for the Sz operator

First of all, we must look for a convenient basis to express our eigenstates. We
should first note that when we define the overall spin operators in this way, we
should have an invariance under a permutation of spins, i.e. the ordering is not
important. We can achieve this if we use the basis:

|N, n〉 = 1√
BNn

∑

p

|1〉n ⊗ |0〉N−n (5.2.1)

where BNn represents the binomial coefficient. The index p indicates the sum
over all permutations. So, in this notation for example we have:

|3, 1〉 = 1√
3
(|100〉+ |010〉+ |001〉) (5.2.2)

We can thus expand the ground-state energy as:
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5. THE DICKE MODEL

|ψGS〉 =
∑

n

ψn |N, n〉 (5.2.3)

There’s one further observation that we should make. Let’s apply the operator
Sz on |3, 2〉 for example. We can verify that:

Sz |3, 2〉 =
1

2
√
3
[(− |011〉+ |011〉+ |011〉)
︸ ︷︷ ︸

=2Sz |011〉

+(|101〉−|101〉+|101〉)+(|110〉+|110〉−|110〉)]

thus

Sz |3, 2〉 =
1

2
|3, 2〉 (5.2.4)

For a more general state, after we apply Sz on a term |...〉 of |N, n〉, we’ll create
n positive copies of this state and N − n negative copies. Therefore, when Sz acs
on this kind of state we have:

Sz |...〉 =
n

2
|...〉 − N − n

2
|...〉 =

(

n− N

2

)

|...〉 (5.2.5)

For the state |3, 2〉 for example, all of its terms have 2 spins up, and 3− 2 = 1
spin down. Thus, we can verify that

Sz |N, n〉 =
(

n− N

2

)

|N, n〉 (5.2.6)

In other words, if we generalize this idea we can see that Sz is the eigenstate of
|m〉, with eigenvalue m:

Sz |m〉 = m |m〉 (5.2.7)

with a mapping

m→ N

2
− n, |m〉 → |N, n〉 (5.2.8)

moreover, since n goes from 0 to N , we have the following bounds for m:

m = S, S − 1, ...− S + 1,−S
where s = N/2 is the maximum ”overall” spin, i.e., the maximum eigenvalue of

Sz. Therefore, we can see that we have only 2s + 1 distinct eigenvalues, and only
the overall spin has physical relevance. We can then factorize the problem to a
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The Critical Rabi Model

much smaller H = HBosonic ⊗H2s+1 Hilbert state, since we have highly degenerate
states to this problem and states with no real physical meaning. We can thus write
the Hamiltonian as:

HDicke = ωa†a+ ΩSz +
λ√
2S

(a+ a†)Sx (5.2.9)

5.3 Diagonalizing the Hamiltonian

We can know use a similar strategy to diagonalize this Hamiltonian. We first apply
a rotation around the y-axis and then we displace the field. This means that our
transformed Hamiltonian will be:

H̃ = D†(α)eiθSyHe−iθSyD(α) (5.3.1)

this will be:

H̃ = ω[a†a+ α(a† + a) + α2]

+ Ω(Sx sin θ + Sz cos θ)

+
2λ√
2s

(Sx cos θ − Sy sin θ)(a
† + a+ 2α)

There spin operators are cumbersome, so we’ll apply the Holsten - Primakoff

transformation, which can be used to describe the spin operators through bosonic
modes. We write:

Sz = b†b− s

S+ = b†
√

2s− b†b

S− = b
√

2s− b†b

(5.3.2)

We can verify that this correspondence obeys the appropriate algebras. Since
in the thermidynamic we have a infinite number of particles, this corresponds to
s→ ∞. We can then approximate these relations to

S+ ≈
√
2sb†

S− ≈
√
2sb

(5.3.3)

considering that s is very large. This enable us to reconstruct the Hamiltonian
entirely trough bosonic operators. If we make the terms linear in b equal to zero,

The Critical Rabi Model

34



5. THE DICKE MODEL

in the thermodynamic limit s→ ∞, we get the following equation:

ω

2

√
2s sin θ + 2αλ cos θ = 0 (5.3.4)

and for a:

Ωα−
√
2sλ sin θ = 0 (5.3.5)

These two equations yield:

cos θ =
ωΩ

4λ2
=
λ2c
λ2

(5.3.6)

with λc = 2λ/
√
Ωω, which is analogue to the parameter g in the Rabi model.

This means that we have two types of solutions: the trivial one, θ = 0 with α = 0,
and a solution for λ > λc we have a solution that is not trivial, i.e:

Phases :

{

θ = 0, if λ < λc

cos θ = λ2
c

λ2 , if λ > λc

this corresponds to:

α =

{
0, if λ < λc

−λ
√
2s
√

1− λ4
c

λ4 , if λ > λc

These phases correspond to the normal and superradiant phases, respectively.
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6 Appendix
6.1 Single-mode Squeezing

6.1.1 Action on the bosonic operators

o Definition 1. We define the squeezing operator as

S(z) = e
za

†
a
†−z

∗
aa

2 (6.1.1)

where z = reiθ, as we’ll see, is a complex number related to uncertainity of

the quadratures.

These operators are relevant in this context because when we apply them to
the creation and annihilation operators, the following Bogoliubov transformation
is obtained:

o Result 1. The squeezing operators enable us to consruct a new set of

bosonic operators given by

ã = S†(z)aS(z) = a cosh r + a†eiθ sinh r (6.1.2)

and

ã† = S†(z)a†S(z) = a† cosh r + ae−iθ sinh r (6.1.3)

First of all, we should notice that the operator in the exponential is skew-
hermitian, since A† = 1

2
(za†a† − z∗aa)† = 1

2
(z∗aa − za†a†) = −A. Thus, the

expression that we want to evaluate is basically e−AaeA. It’s possible to use one of
the BCH formulae to find:

e−AaeA = a− [A, a] +
1

2!
[A, [A, a]]− 1

3!
[A,A, [A, a]]] + ... (6.1.4)

The first commutator is simply

1

2
[za†a† − z∗aa, a] =

z

2
[a†a†, a] =

z

2
(a†[a†, a] + [a†, a]a†) = −za† = −reiθa†

The second one, on the other hand, yields
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[A, [A, a]] = [z∗aa, za†] = r2a

The third commutator results in −r3eiθa†, and so on. Therefore, the expansion
that we are looking for is

e−AaeA = S†
zaSz = a

(

1 +
r2

2
+ ...

)

+ a†eiθ
(

r +
r3

3
+ ...

)

(6.1.5)

which can also be written as:

S†
zaSz = a cosh r + a†eiθ sinh r (6.1.6)

The proof for the creation operator is analogous.

6.1.2 Variance of the quadrature operators

Suppose we define the quadrature operators as x = a + a† and p = i(a† − a). We
have the following result:

o Result 2. The variance of the quadrature operators in the squeezed vacuum

state are give by:

∆x2 = cosh 2r + sinh 2r cos θ (6.1.7)

and

∆p2 = cosh 2r − sinh 2r cos θ (6.1.8)

Since the Fock states are orthogonal, it’s easy to see that the first moments 〈a〉
and 〈a†〉 will be null. For the second moment of x on the other hand, we have:

〈x2〉 = 〈0|S†[r](a+ a†)2S[r] |0〉
But:

S†[r](a+ a†)S[r] = (cosh r + e−iθ sinh r)a+ (cosh r + eiθ sinh r)a†

If we take the square of this expression, only one term will remain, because all
the other one will act on the vacuum and go to zero. The surviving term will be:

〈x2〉 = (cosh r + e−iθ sinh r)(cosh r + eiθ sinh r) 〈0| aa† |0〉
Since aa† = a†a+ 1. we have
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〈x2〉 = cosh2 r + sinh2 r + 2 sinh r cosh r(eiθ + e−iθ) (6.1.9)

and this simplifies to the expressions written above. Note that when the angle
of hte squeezing parameter is real, i.e θ = 0, we have ∆x = er and ∆p = e−r.

p

x

∆x

∆p

p

x

Figure 8: Depiction of the uncertainities of a squeezed vacuum state.

6.2 Displacement Operator

o Definition 2. We define the displacement operator as

D(α) = eαa
†−α∗a (6.2.1)

Where α is a arbitrary complex number related to the displacement in the

phase space.

By making use of the BCH formula, as we did for the Squeezing operator, we
can show that the Displacement operator has the following property:

o Result 3. The displacement acts on the annihilation operator according

to

D†(α)aD(α) = a+ α (6.2.2)

and on the creation operator as

D†(α)a†D(α) = a† + α∗ (6.2.3)
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This operator also has a pretty intuitive effect in the phase space - if we define
the displaced vacuum as |α〉 ≡ D(α) |0〉 the expected value for the quadratures are:

〈x〉 = Re(α), and 〈p〉 = Im(α) (6.2.4)

p

x

Figure 9: Depiction of the a displaced squeezed vacuum state.

so the displacement operator basically ”displaces” the expected value of quadra-
tures of the field but doesn’t change the uncertainties.

6.3 Diagonalization of the Hamiltonian

Suppose we have a Hamiltonian of the form:

H = ξa†a+ κa†a† + κ∗aa (6.3.1)

A good strategy to diagonalize this kind of Hamiltonian is the use of the Squeeze
operator. If we use the results of the last section for the transformation of the
creation and annihilation operators, we will see that the first term transform as:

S†
za

†aSz = (S†
za

†Sz)(S
†
zaSz) = (a† cosh r + ae−iθ sinh r)(a cosh r + a†eiθ sinh r)

In the first equality I made use of the fact that Sz is unitary. Hence, the
expression for the diagonalized Hamiltonian can be rewritten as:

S†
zHSz = ξ(a† cosh r + e−iθa sinh r)(a cosh r + eiθa† sinh r)

+ κ(a† cosh r + ae−iθ sinh r)2

+ κ∗(a cosh r + eiθa† sinh r)2

If we write the constant κ in polar form as κ = |κ|eiφ, we can conveniently
choose the angle θ of the squeezing parameter to be the same as φ in order to
simplify the expansions, obtaining:
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S†
zHSz = (ξ cosh 2r + |κ| sinh 2r)a†a

+ (
ξ

2
sinh 2r + |κ| cosh 2r)(eiφa†a† + e−φaa)

+ |κ| sinh 2r + ξ sinh2 r

We should choose an r such that makes the expression in the second line go to
zero, therefore:

o Result 4. A Hamiltonian of the form (6.3.1) can be diagonalized for a

real squeezing parameter given by:

tanh 2r = −2|κ|
ξ

(6.3.2)

or, alternatively

e4r =
ξ − 2|κ|
ξ + 2|κ| (6.3.3)

This choice of parameters yields the following diagonalized form for the

Hamiltonian:

H = ξ̃a†a+
ξ̃ − ξ

2
(6.3.4)

with

ξ̃ =
√

ξ2 − 4|κ|2 (6.3.5)

It’s also clear that we should have:

|ξ| > |2κ| (6.3.6)

6.4 Two level systems

Suppose we parametrize an arbitrary 2× 2 square hermitian matrix as:

A = A0 + a · σ =

(
a0 + az ax − iay
ax + iay a0 − az

)

(6.4.1)

We may also define a =
√
a2x + a2y + a2z and n = a/a = (nx, ny, nz). With these

definitions, we can parametrize the matrix as:
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A = A0 + a(n · σ) (6.4.2)

If we express the vector n = (sin 2θ cos 2φ, sin 2θ sin 2φ, cos 2θ) in spherical co-
ordinates, the matrix assumes a nice form:

n · σ =

(
cos 2θ e−2iφ sin 2θ

e2iφ sin 2θ − cos 2θ

)

(6.4.3)

This method is useful because the matrix of eigenvectors assumes a particularly
simple form:

G =

(
e−iφ cos θ −eiφ sin θ
eiφ sin θ eiφ cos θ

)

(6.4.4)

In the absence of a y-component the angle φ is null and this matrix assumes a
particularly simple form, which is the case of our work:

U =

(
cos θ − sin θ
sin θ cos θ

)

(6.4.5)

The only relevant transformation will be the effect of the change of basis on σx,
which will become:

σx = U †τxU = sin 2θτx + cos 2θτz (6.4.6)

because τx = UσxU
†. We should also note that the Eigenvalues are given by:

Eig(A) = a0 ± a (6.4.7)

In our case a = (−2λα, 0,Ω/2), therefore:

Eig(A) = ±
√
Ω2 + 16λ2α2

2
= ±Ω̃

2
(6.4.8)

and lastly, by identifying the vector a we can also write the relationship between
the angle θ and the parameters of the system:

tan 2θ = −4λα

Ω
(6.4.9)
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