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T‘ Introduction

An overview of the Rabi Model

The Quantum Rabi model describes the interaction of a quantized field with a
two-level atom and is characterized by a Hamiltonian containing three terms:

Hgapi = Hi+ H, —d - E (1.1.1)

The first term represents the Hamiltonian for the quantized electromagnetic
field, the second term represents the Hamiltonian for a two-level system and the
third term takes into account the interaction between the radiation and the atom
- i.e the energy of the dipole. The expression for H, is simple: for a system with
energies /2, it’s simply given by /20,. The construction of the other two
terms require a little more attention, therefore we’ll study them in the next two
sections, albeit briefly, since this is not our focus.

Quantization of the electromagnetic field

For an one-dimensional cavity of length L along the z direction, the expressions
for the EM-field that satisfy the boundary conditions (i.e. the vanishing condition
at z =0 and z = L) and the Maxwell equations are:

E(z,t) = ?/—ﬁq(t) sin (kz)& -

. Mo€o 202

; V_qu(t) cos (kz)&
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1. INTRODUCTION

with ¢(t) being a time-dependent factor and V' the effective volume of the
cavity. We already know that the energy density of the EM field is given by
u = | E|* + 1/po|B|?. If we denote ¢(t) by p(t), the Hamiltonian for the single-
mode field simplifies to

2 2.2

P Wy
o==5

SRR

after we integrate. But this is simply the Hamiltonian of the Harmonic oscil-
lator, which can be written in terms of the creation and annihilation operators.
Therefore, the Rabi Hamiltonian assumes the form: *

(1.1.3)

9 ~ A
Hpup = wa'a + 502~ d - E (1.1.4)

Atom - field interaction

The electric field operator, after we perform the dipole approximation (Apnoton >
Tatom) 18 given by (in the Schrédinger picture):

EA:é,/EOLV(avLaT)Sinkz (1.1.5)

here € denotes an unit vector in an arbitrary direction. If we write the dipole
operator as d = d - €, the interaction term simplifies to

—d-E = —gd(a+ad)

where we have absorbed all the constants in a single parameter g. Since the
dipole operator couple the fundamental and excited states, it can be written as
d|0) (1] 4+ d* |1) (0|. If we assume that is entries are real, we get d = do, and the
quantum Rabi Hamiltonian assumes the following form:

Q
Hpapi = wala + 20: Aa + al)o, (1.1.6)
with A = dg.

'We dropped the zero point energy term. Moreover, we’ll assume that /= 1 from now on.
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2| Rabi Model

The parity operator

We can show that the parity operator

IT = exp {afa+é(az+1)] (2.1.1)

commutes with the Hamiltonian. It suffices to show that

MHII = H

Since o, and a'a live in different spaces we can decompose the operator as:

.+ 1
IT = exp (a'a) exp (U ;_ )

The operator will obviously commute with the first and second terms of the
Hamiltonian. For the third term we may begin by evaluating o, II7. Since 02 = 1,
when we exponentiate the operator we get

€'Y = cosa + 10, sin «

So, o, It = 0,0,0, = —o,. If we use the the BCH formula we can also see
that
e aqe0" — g 4 jafa’a, a] — a[aTa, [a'a,a]] + ... = a(cosa — isin )
because [a'a, a] = —a. Therefore, since a = 7 we have II(a+a")IIT = —(a+a'),

therefore I1(a + a')o, 1" = (a + a')o,, and the Hamiltonian is invariant under this
transformation.

2.2 Low-energy effective Hamiltonian

Since the Pauli matrix o, has only off-diagonal elements, the interaction term
AMa + a')o, will be an off-diagonal block matrix. So, our first task is to find a
method to diagonalize the Hamiltonian. As it was done in [5], the procedure that
we’ll use is the Schrieffer-Wolff transformation. We can write the Rabi Hamiltonian
as:

= The Critical Rabi Model



2. RABI MODEL

Q
Hpapi = Ho = AV = wa'a — /\Eaz + (a+aho, (2.2.1)

this will split the Hamiltonian into two terms: an unperturbed diagonal Hamil-
tonian Hy, and an interaction off-diagonal Hamiltonian V. Now, we apply a unitary
transformation U = e on this Hamiltonian:

1
H' = ¢ Hpaie® =)

with S being an anti-Hermitian and block off-diagonal operator. Our objective
is to find a generator S so that this procedure diagonalizes the matrix above. We
can split up the Hamiltonian into diagonal terms

and off - diagonal terms

[H papi, S]® (2.2.2)

Hyy=>_ m[ﬂo, SJEED — @[AV, S)2k) (2.2.4)

since the product between diagonal and off-diagonal matrices will yield off-
diagonal matrices and so on. ?The expanded terms of lower orders will be:

1 1
Hy=—\V + [Hy, S| — S AV S| + 5o, S|® + ...
We can parametrize the generator S as:

S = )\Sl + )\333

So, the off-diagonal Hamiltonian becomes

1
Hiy == AV + A[Ho, $1] + N[Ho, S5] — S[[AV, Sy + A*83], AS1 + A%S5]
1
+ gl[Ho A5t + N’S5], AS1 + A*S5], AS) + APSs] + ..
If we expand the commutators we will see that

AV, S]® = N3[[V, S4], S1] + O(N°)
and that

2the fact that we're dealing with 222 block matrices make it easy to decide whether the
product will be diagonal or not

= The Critical Rabi Model



The Critical Rabi Model

[Ho, )% = N[[[Ho, S1], S1], S1] + O(N?)

If we require that the first order terms go to zero, the following condition can
be found:

[Hy, Si] =V (2.2.5)

if we do the same for the terms of third order we will find that:

[Ho, 85 = 5 °(IV: 51, 81] + 5 [ Ho, S1) 511, 51] = 0

%
Thus,
1
[Ho, S3] = g[[‘/u Sil, Sl (2.2.6)
The generator that satisfies the first condition is simply
1
Si = gla+a)o. =) +0 (%) (2.2.7)
And for the second one we must have
Sy = —— )3 o (= 2.2.8
3——@(a+@)(0+—0—)+ 0t (2.2.8)
The diagonal terms up to fourth order will be:
A2 A\ A4
H' = Hy — —[V.51] + [V 5], $1)51] = V2 5]
We can use the identities [0,,04] = +204, 07 = 02 = 0 and or04 = 04 to
evaluate the commutators. This will give us:
0 2 2 4 4.2 2 2
o woam+5@+94§o o0 +wglg (am)zaz_gl 6‘;3 (atat)'o.+0 (%) (2.2.9)
With g = 20/vwof). The last step is to project this Hamiltonian onto the |])
space. Since (|0, |}) = —1, we get, after the projection
O wed 4,2 2,2
Q _ 0g 2, 9% 4, 9%
Hy = (| H'|}) = woa'a — 371 (a+a")?+ 16_Q<a +ah)t + 0 (2.2.10)

A projection onto the |1) space would give us a kinectic term (a + a')? oc 22,

= The Critical Rabi Model



2. RABI MODEL

e

T N\

Figure 1: A representation of the Hamiltonian in matrix form. On the left we have the non-
diagonalized Hamiltonian. The off-diagonal that couple the spin subspaces term arise from the
interaction between the atom and the field. On the right we have the diagonalized Hamiltonian.
The blue block matrix represents the low-energy subspace that we obtain after the projection.

with a plus sign. This kind of term will in general increase the energy of the
harmonic oscillator. Therefore, since we want to capture the low-energy physics,
the projection that we chose makes more sense. Lastly, we parametrize the field-
atom coupling constant as A oc NV, the frequency as Q oc N? and take N — oo. By
doing so, the coupling constant g will remain finite and we’ll be able to diagonalize
the Hamiltonian exactly. In this thermodynamic limit we finally obtain:
2
Hy, = woa'a — % — wlg

This Hamiltonian is much easier to work with, since the presence of o, instead
of o, in the mixed term assures that the Matrix will remain block diagonal.

(a+al)? (2.2.11)

Normal Phase

Diagonalization of the Hamiltonian in the Q/wy — co limit

First of all, we should rewrite the projected Hamiltonian as:

_ 2 2 Q
H,,=uw (1 - %) ala — %(aa +a'a’) — 3 (2.3.1)

By doing so we can relate these parameters to the Hamiltonian (6.3.1) in the
appendix through:

= The Critical Rabi Model
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2 2
E=w (1 — %) , and kK= _Y9 (2.3.2)

Using the results already found in the appendix, we can see that the solution

is simply:
2
1 g
r = —tanh™! LA
2 1-Z

But this can be written as a logarithm. Since

1 1+
tanh™ 'z = =1
w2 = dn (122)

The squeezing parameter becomes:

1
Tup =~ In(1—g¢% (2.3.3)

By making use of the equation (6.3.4) in the appendix, we can finally find the
diagonalized Hamiltonian:

Qe
H,, = wy 1—g2aTa——+€p—

> > (2.3.4)

with excitation energy €,,:

and ground state energy Eg pp:

2 2

Note that the gap closes at the critical point ¢ = g. = 1. This suggests that
the GS is degenerate and we have a QPT. Therefore, in the next section we will
take this criticality into account when diagonalizing the Hamiltonian.

= Q€ —w Q
EG?"p:§T§_§ tnp 0

Exact solution in the Q/wy — oo limit

Since the eigenvalue if afa is m, the eigenvalue of this Hamiltonian will be:

E™ = mény + Ecnp (2.3.5)
And since we squeeze the Hamiltonian, transforming it as STHpg,,; S, the eigen-

vector in the field space will be S[r,,| |m), but we are also projecting the Hamil-

= The Critical Rabi Model 10



2. RABI MODEL

tonian onto the H| space, therefore the eigenvector will be:

|np) = Slrapl [m) 1) (2.3.6)

In the ground state \gbgp), the expected value for the rescaled photon number
will be (we should normalize it, otherwise since its proportional to €2, which goes
to infinity):

Menp = % (bnpl a'aldh,) = (01 S'[rup)(a’a) Slray] [0)
But (a'a) = (a®) = {(a)?) = 0. Thus:

wp cosh(2r,,) — 1

Nenp = % sinh? Tap = 5 (2.3.7)
The variance for the position will be:
Az, =e? = (1—g%)i (2.3.8)

Due to the imaginary term the variance of the moment will be a bit different:

=

A= =(1—¢) (2.3.9)

We’ve simply used the results for the squeezing operator stated in the appendix.
Note the these expression also give us the critical exponents. For Az,,, for example,
the critical exponent is —1/4.

2.4 Superradiant Phase

The procedure to diagonalize the Rabi Hamiltonian in the superradiant case re-
quires an extra step. When g > 1 we leave the low-energy regime, and as we’ll
see, the number of photons gets proportional to 2. The strategy to bypass this
problem apply the Displacement operator on the Hamiltonian to displace the field:

- Q
Hprapi = D'[a]Hgapi D[a] = wo(a’ +a)(a+a) = Aa+a)o, + 50=~ 2M\ao, (2.4.1)

Here we have taken o« € R. This will give us rescaled constants and we’ll recover
the low-energy physics. But we should first find an appropriate change of basis to
lead us to the Hamiltonian of the same form that we had before.

= The Critical Rabi Model -
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Change of basis

We should aim to find the eigenvalues and eigenvectors of the atomic part of this
new Hamiltonian, i.e. /20, — 2 ao,. If we use the formula that we found in the
appendix for the eigenvalues and eigenvectors we will see that the Pauli matrices
in the old and new basis are related by:

0, = Sin 207, + cos 207, (2.4.2)

and that its eigenvalues turn out to be:

Q V2 £ 167202

= — = 2.4.3
2 9 9 ( )
With tan 260 = —4\a/Q2 Moreover, we can also use the spectral decomposition
to find the value of
Q
502 — 2 a0,

in the new basis. We can simply write it as

Q Q- - Q- -
503—2x\a0x22>\i|/\¢> Pl =5 1M =5 [

or, in terms of the pauli matrix in the new basis,

QO Q
502~ 2 a0, = 3T (2.4.4)

After this change of basis the Hamiltonian will become

Hpopi = woala — A cos 20(a + a" )7, + woa? + (awy + Asin 207.)(a + al)

As we’ve done before, we will also project this Hamiltonian on the H; space.
If we require that the projected term (awy — Asin260)(a + a') = 0, we will recover
the same Hamiltonian that we had in the previous section and we can apply the
same procedure. This can be achieved if

Q
a=tag ==+ Vot—1

4g%wo

and we get:

= The Critical Rabi Model 15



2. RABI MODEL

- . a
Hrapi(£ag) = woa'a — Ma + al)r, + 37t woar, (2.4.5)

Note that after we apply the Schrieffer-Wolf perturbation and project this
Hamiltonian it will assume the same form that (2.2.11), with rescaled constants
A = Acos20 = /wf2/2g and 2 = ¢*Q.

2.4.2 Exact solution in the /wy — oo limit

The effective Hamiltonian in this case is:

Q

H,, = woa'a — 4“’—9‘1@ +al) - +g7) (2.4.6)

To see this, we can note that the quadratic term will have a new coefficient

given by wog?/4 = \2/Q = wy/4g*. The last term on the other hand comes from
2

WOOég.

We can notice that Hy, and H,, dif- 1
fer only by a substitution g*> — 1/¢° in
0.75
the term (a + a'), therefore we can follow
the same procedure that we did before we ¥ 0.5; NP SP
find:
0.25
esp(g) = wo/1 — g4 (2.4.7) 0. 1 |
and a ground state energy: gi
€splg) —wo Q2 _
Foly) = WO S g (2.48)
with eigenstate
[05(9)) . = DlogE]S[rsp] Im) 1) (2.4.9)

with the new states being:

1) =3 T+ (2410)

= The Critical Rabi Model
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Critical exponents
€ Ap Ax Ne
1/2 1/4 —1/4 1
0.5 1
0 .
; 0.75}
-05 i
] g 05
-1t i
: 0.25 NP SP
~1.5¢ NP !
; 0
0 1 0 1 2
.g_ i
8¢ gC

Figure 2: On the left we have a plot for the rescaled ground state energy. We can see that
its second derivative is discontinuous at the critical point. On the right we have a plot for the
(normalized) number of photons, which increases monotonically in the superradiant phase.

The no-go theorem

Let’s suppose that we have a quadratic term in the Hamiltonian, i.e.

0
Higa = woa'a + 0. = Ma +al)o, + D(a +al)? (2.5.1)

If we arrange the equation above to write it in the form (6.3.1), we get:

QO
Hpays = (wo + 2D)a’a + So. = Aa +al)oy + D(aa +ala’) + D (2.5.2)

If we apply the squeezing operator in this Hamiltonian with the following sub-
stitutions:

E=wo+2D (2.5.3)
and
k=D (2.5.4)
we get:
4w (wo+2D)—2D _4p 4D
e (@o+2D) 1 2D — e +wo ( )

= The Critical Rabi Model 14



2. RABI MODEL

This will lead us to the following Hamiltonian:

_ . QO
Héabi = (I)OCLT(I - )\(CL + aT)Um + Eo-z (256)

With the first renormalized frequency being:

_ . 4D\ 2
Wy = &cosh2r + 2ksinh2r = wo (1 4+ —
Wo

and

1
- 4D\ *
A = A(coshr + sinhr) = Ae" = A (1 + —)

Wo

2.6 Finite-Frequency Scaling

Ground state

Now we will look back to the Hamiltonian 7?7 and take into account the fourth order
terms. Since we can’t apply the same procedure to diagonalize this Hamiltonian,
we will make use of the variational method instead to estimate groud state energy
and other relevant parameters. A reasonable strategy is to propose the squeezed
vacuum |1y(s)) = S[s] |0) as a trial wave function. The variational method would
then provide a suitable value for s.

To evalute this extra term, one should notice that

S's)(a+a')"S[s] = e*"(a + a)*

Even though fourth orders terms are cumbersome, this one can be substantially
simplified because the only terms that will survive when sandwiched by the vacuum

will be:
(0l [(aa")? +1]]0) =3
Thus, the extra term in the Hamiltonian yields:
4w2 3(U2 4
o Wo(s)] (a+ al) Ju(s)) = To0-e™

Therefore, we obtain the following expression for the ground state energy:

(2.6.1)

w0g2 625 3w§g4 645 _ Q
4 1652 2 40

Eo = (to(s)| Hup [t(s)) = =7 cosh (2s) -

= The Critical Rabi Model 15
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If we derive this expression we obtain:

OE  3g*wo o 4
— =——e" 4 (1- f—1=0
Os 20 ¢ +(1=ge
At the critical point g = g. = 1, the solution acquires a simple form:
1 2Q)
c==In{— 2.6.3
A <3QO> (26.3)

If we insert this parameter into (2.6.1), we can obtain an expression for the
normalized correction of the ground state energy:

640 ( ) = 5 (Eols) = Ecp(92)) (2:6.4)

This parameter evaluates the difference between E¢ ,,,(g.), i.e. the ground state
energy found analytically, when we considered only the second order terms, and
the ground state energy Ey(s) found by means of the variational method, where we
considered fourth order terms in the bosonic operators. It’s interesting to write this
in terms of power of the ratio €2/wy, so we just use a bit of algebra here in order to
simplify the expression. If we rewrite the normalizartion factor as (2 /3wg)~(2/3),
the correction will be:

4
w 200\ 3
ea,g.(2/wo) = ZO <3—WO>

+0 (g—é) (2.6.5)

and for the number of photons, we have:

wo (cosh(2r) —1
mMWW=W$MWWw:§<—%%—) (2.6.6)
If we compute the leading order;,
1/20\ ¢ wo
Mg (2/wo) = 6 (3—%) +0 (5) (2.6.7)

and for the quadratures we have:

20\ 7 20\~
sn= () 2= ()

Energy gap and finite-frequency scaling

The second order contribution will be:

W=

= The Critical Rabi Model 16



2. RABI MODEL

1 1
%62” (m| (aTa + 5) Im) = % +7

The fourth order contribution in turn, will be:
Wo <w0

= () e (ml(a+a |m) = 22 (5

6 \g G ) e (m| (2a'a + aa + a'a’ 4 1)% |m)

We can use the completeness of the fock states to evaluate this expression:

(m|(a+a")*[m) =" (m| (2a'a+aa+ a'a’ + 1) |n) (n| (2a'a + aa + a'a’ + 1) |m)

n

If we make use the the orthotornomality of the eigenstates, we can see that the
first term is:

(m| (2a’a+aa+a’a’™+1) |n) = (2n6pm+v/n(n — 1) 2—1—\/ (n+1)(n+ 2)dmn+2+F0nm)

We find a similar expression for its conjugate. Therefore the contribution of
the fourth order term is:

(m| (@ +a")*|m) = 6m* +6m +3

Hence, the energy of the m-th excited state is:

5 _1
wo fm*+3m 3 200\ 3
E = H =—|—+= )| — 2.6.8
(50 = Wno) g i) =3 ("5 + ) (2 26.5)
So, the gap between two arbitrary is states is:
wo (m—mn)(m+n-+3) [ 20 5
== 2.6.
en,m(gm Q/w0> 4 4 3&)0 ( 6 9)

In particular, we have

3000

20\ 73
61,0(9c>9/wo) = Wo <—>

for the gap between the ground and the first excited state.

= The Critical Rabi Model 17
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Finite-frequency scaling exponents
€ Ap Ax Ne
-1/3 -1/6 1/6 —2/3

Lastly, since the finite-frequency scalin g of the transition amplitude is deifned
as:

Enm(9,Q/wo) = — (n] ST[SC]%S[SC] |m) (2.6.10)
We have

s
(99 un) = =52 (0] (a'a — aa) )

Since a |m) = /m|m — 1) and a' |m) = /m + 1|m + 1), we have:

0s,
dg

gn,m(ga Q/C“-)O) = -

(\/(m +2)(m 4 1)0pmi2 — Vm(m — 1)5n,m,2> (2.6.11)
To find the derivative of the squeezing parameters we simply use implicit dw-

erivation, which yields

ds  —12g%wpe2s + 40°
dg 18w 2e?s

If we simplify, we get:

Enm (g, Qwo) = [; B % (E)i

30)0

<\/(m + 2)(m + 1)0pmi2 — Vm(m — 1)5n7m_2)

= The Critical Rabi Model 18



3 | Dynamics

3.1 Adiabatic Perturbation Theory

The instantaneous eigenstates are given by:

(1)) =Y O [0(0)) = D anlt)e D ra(g(t)) n) (3.1.1)

n

the convention here is to define

t
O,(t) = / en(t')dt!
0
The Schrodinger equation tells us that (we are using i = 1):

dly) _
i = HW) = e [v(t)) (3.1.2)

if we derive the first expression we get

Y idn()e” O [riy(g(1)), ) +0, \w(t)>+i04n(t)€i@"(t)% rup(9(t)), ) = €n [9(2))

since @n = €,, the second term on the left-hand side and the term in the
right-hand side cancel each other, and we arrive at

i ==Y amt) (rapla(®)), 1l % o (g(8)). ) @06 ()

therefore, if we make the substitution g = ¢t, the solutions are given by

g 8 : n_ ’
n(9) == 3 [ A unla!) ). 5 gl ) 017005

know, supposing that our initial state was |®(0)) = |7,,,(g), 0) (this means that
ap = 1) and that the quench is slow, i.e ¢ < 1, we can approximate the solution
of the previous equation to

9 . N _ /
an(g) = — / (rup(g)), 1| Oy [Tnp(g'), 0) €O =O0ldD gy (3.1.3)
0

= The Critical Rabi Model 19
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By using a Taylor expansion, we can evaluate the oscillating integral above,
since

+O0(a™?)

1

/902 f(a:)emg(m) _ iﬂeiag(x)
2 ia g'(z)

thus, only the first term in the expansion contributes. We should remember
that

to obtain

(rap(9), 1 0y [rap(9),0) s (1000 | 2
ay, ~ 1 e 0 + 0
(9) ~ 9= () ,Hou))

We know that r,,(g) = —1/4In(1 — ¢?) and that af? |0) = v/212), thus the
inner product in the expression above is given by

, , V2g
(rnp(g'),n| Oy I1np(g’), 0) = —m5m,2

and the only correction for the wave function is given by the coefficient

- —igg i(©n(g)~O0(g))
as(g) ~ N 92)zu+16 (3.1.4)

the expression for the energy gap was written as €,(g) = nwo(1 — g*)* aiming
generality, so the expression is valid even for a different set of critical exponents.
With this expression in hands we can finally find the residual energy at the end of
the quench, given by

E(g95) = ) enlgp)lan(gs)l® = 7,2 2572 (3.1.5)

n>0

because g = g5 /7,.

Kibble - Zurek Mechanism

Classical case

It’s known in the scaling theory that both the correlation length and relaxation
time of system that undergoes a phase transition diverge as we approach the critical

= The Critical Rabi Model 50



3. DYNAMICS

point. We say that there was a breakdown in the adiabacity of the system, and
the phase transition ends incompletely.

§(€) o< &oe™” (3.2.1)

TR X Toe = (3.2.2)

Since the process is not instantaneous, the system is not able to respond to ex-
ternal stimuli fast enough, i.e. it doesn’t relax to equilibrium, and as a consequence
the changes in the system occur locally, rather than globally.

The KZM mechanism is used to describe second-order phase transitions while
taking this effect into account. Let’s consider that the system is able to relax to
equilibrium until a certain critical point in time called £. We’ll divide the behaviour
of the system into two different regimes:

e An adiabatic regime, where the typical relaxation time is much lower than
the inverse of the quench rate and the changes occur adiabatically

e An impulsive regime, where we observe a breakdown in the adiabacity

Adiabatic H

Regime

7Q

Impulsive Regime

. A
Ac

If we assume tha the temperature is quenched linearly as

T(t) = Te (1 - ;)

the critical time ¢ is the instant when the relaxation time is equal to the re-
maining time until the system reaches the critical point 7(7° — T¢). Using the
relation (3.2.2) from the scaling theory, we get

zZV

N T Tzl
tox | —
70
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Quantum Counterpart

In the case of the QPT, the relevant quantity will be a parameter A which is driven
towards the critical point A\c. Ww’ll also assume in our analysis that the energy
gap scales as A o< Ag(A — A\.)*. The relaxation time - or 'reaction time’ - can be
taken as

_h
TR = Z

So, as we can see, as the gap closes the system diverges. On the other range,
the timescale related to how fast the Hamiltonian is driven by external changes is

given by:

1 1dA
TQ N A dt
Thus, if we solve the relation:
dA
— =A° 2.
I (3.2.3)

we arrive at the appropriate scaling relation. If we assume that the parameter
A changes linearly (at least close to the critical point), i.e. d\/dt < 1/7, we arrive
at the following result:

=7 (3.2.4)

and

t =11 (3.2.5)

where \ and \ represent the values of the parameter and the time at the
crossover between the two regimes, respectively.

3.2.3] KZM and the Rabi Model

In units of A = 1 energy is given by E = f, thus we can take the relaxation time
of the Rabi system to be

n(g) = 2€np(9)

Since some states are not accessible, making some transitions forbidden due to
the parity symmetry, we have the factor of two above. So we can simply use the
formalism developed in the previous section taking n as the ’effective’ gap. Thus,
in a similar spirit , we have to solve:
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(2w0(1 = g*)™)* = [2wog(—22vg)(1 — §*)™ |

Taking the modulus and breaking the diffence of squares apart on the LHS we
get:

~\2zv AN\2zU g ~ AN\ 2V — AN ZU—
4w (14 §)* (1 = §)* = Zwgzzvg(1 + ) (1 - )™

Tq
which simplifies to
A\ ZV gf ~ ~N\—zrv—1
1—g)™ = 1
(1-9) uquvg( +9)

If we quench the system during a sufficient long time, while ending it at the
critical point gf = 1, the crossover point g will be close to 1, and will can approx-
imate the expression §/(1 + §)~*~' ~ 2732 since zv = 1/2 the present model.
The equation above becomes

gr~1— (4\/§w07'q)771+1

We can use this value for g to calculate the residual energy at the crossover,
which will remain constant at the impulsive regime. Substituting into the (3.1.5):

zv+2 ZV

(4V2wor,) 41 o 74 (3.2.6)

. o 1

1/3 2

using or set of critical exponents, we get F, o 74
in the adiabatic regime.

, in contrast to F, o< 7,

3.3 Equation of Motion for Quench Dynamics

Infinite wy /)

Let’s go back to our quadratic Hamiltonian in the normal phase, this time making
it time dependent in the quench parameter:

Q
n2 _ -
(a+a) 5

In the Heisenberg picture, the bosonic operator is given by

Hop(g(t)) = woala — wy?(t)

(3.3.1)

ag(t) = u(t)a + v*(t)a’
And in order to preserve the commutation relation the parameters u(t) and

v(t) must satisfy |u(t)]?> — |v(t)?| = 1 at all times. Its equation of motion is:
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wog(t)

wu(t)a +iv* (t)a” = wo(u(t)a +v*(t)a’) — =

[(u(t) + v(t))a + (u(t) +v(t))"a']

If we commute the expression above with [..., af] and [a, ...] respectively, we get
the following set of couplet differential equations:

LA (20 - £,
" aly ) ) (3:3.2)
e (1 _ QT) o(t) — gTu(t)

with ©(0) = 1 and v(0) = 0 as initial conditions. The residual energy at the
end of the quench will be:

WOQJ%
4

lu(r,) + v(r,) 2 — Enpl97) = wo (3.3.3)

E, = wolu(r,)? - .

3.3.2 Effect of finite w,/Q

Since in this case we have a fourth order term in the Hamiltonian, we’ll arrive at
a slightly different set of ODEs. In this case the Hamiltonian is

wg?(t)
4

Q | wig’t)
4 _ o7 0
(a+a") 5 + 10

wogt(t)

2
(a+a")”+ 160

H,(9(1)) = wna'a -

(3.3.4)

The Heisenberg EOM under this Hamiltonian is

iu(t)a + iv*(t)a" = wolu(t)a + v (t)al) W094 O () + v(t)a+ ) + v(t)a
+ 20904y (0PIt + o(0)a + () + o(0)"a]

This time we get this following set of ODEs, which will share an extra term,
the leading order correction
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i du(t) (1 B 92(t)) ult) — 92(t>v(t) + %(u(t) +o(t)|u(t) +v(t)?

WOT 2 2
0 (1= T o0 - w0 + 2Dt + elate) + o0

In this case, the residual energy will be:

wog]%

o

3wog} wo [ 292 —1/3
ulr) + o)+ g hutr) + ol = 2 (2)

These relations could be confirmed with numerical simulations, as shown below.

gc‘g=1o_1
gc—-g=10"2
* go-g=10"°

© go-g=10"*

Figure 3: Residual energy as a function of the final quench time. The dashed lines show the
expected behavior for both regimes. The colored lines represent the numerical solutions for the
system Dynamics.

Ryl
s I gc—-0= 1071
"""" gc-9=10"2
-1.0r-
° ge-g=10"°
-15 ° gc—g=107*
B Y e e e T P

Figure 4: Plot for the critical exponent as a function of time, fitted for different values of final
quench parameter g.
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,
10 0.001 0.010 0.100 1
r """"""'nnrﬁ.:.::..—..—.:.:. ————————————————————————
-05- e,
.....
.
..
.
-tor . « 74:[10,100]
.O
—151
........
20— e 2T

Figure 5: Plot for the critical exponent as a function of the final parameter g, fitted for the
interval of time [0, 100].
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Zl Dissipative Phase Transtion

The dissipation in the model, which corresponds to a possible loss of photons
in the cavity, can be described through a master equation of the form

p = Llp] = ~i[Hpa p) + 26D[d] (4.0.1)

with a dissipator of the form

Dla] = apa’ — a’ap — pa'a (4.0.2)
ES
————— - K
I ANNANAN
W :
i ANANANAN

4.1 Semiclassical analysis

Under the presence o a dissipator, the evolution of the mean value of an observable
is given by the following expression:

% = i([H,0]) + Tr {OD(p)} (4.1.1)
If we define a adjoint dissipator as:
DI[L](0) = %LT[O, L]+ %[LT, O]L (4.1.2)
The expected values can simply be calculated through:
% =i([H,0]) + (D(0)) (4.1.3)

Our work reduces to the calculation of some commutators. Luckly for the open
QRM we have D = kD[a]. The first EOM for example, is simply:
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(a) = i([H,a]) + (D(a))
So, let’s calculate the relevant dissipators. We have wola'a, a] = —wpa, —A[(a+
a')oy,a] = \o,, —Nos,04] = Mo, and —\|o,,0.] = 2\(0, — 0_). The dissipators
on the other hand are:

Dla)(a) = —3
CLT
Dlal(a") = =5

and we obviously have Dla](c,) = D[a](0_) = 0, since the photon dissipation
should have no direct effect on the qubit part of the system. After doing these
calculations we get the first we get the EOM:

(@) = —i(wo —ir)(a) — iX{ow)
(0%) = Qo) —iA((a) + (@)")(0>) (4.1.4)
(02) = =2iA((a) + (0)")({o4) — (o))

Now we introduce the same coupling parameter g that we use in the close QRM.
Moreover, we write the frequency of the atom €2 in units of wy as n. We will do
the same for the dissipation factor, writing & = k/wy Defining the averages as
a = (a)/n s = (04) and s, = 0,. We finally get the equations for the steady
state:

0 :@wg@
O:—S++g_(a +2—Oé )SZ (415)

0 =g(ar+a")(sy — 53

Since in the mean field approximation we consider that the state is pure (for
example, we do approximations of the form (o,a) = (o0,)(a), which means that
there’s no correlation), we use the constant of motion

(0.)* + (0,)* + (0.)? =1 (4.1.6)

this yields two set of stable solutions. For g < g. we have the first one, where
sy =a =0,s, = 1. For the second stable solution on the other hand we have
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1 g g g g9
= — 1 — —C’ —= e 1 - _C’ z = -z 417
ST ES P TT T e (4.1.7)

There’s also a solution with positive s, but since we’re interested in the regime
of lower energy we discard it.

Master Equations

Now, we simply repeat the procedure that we did in the close QRM to derive the
master equation for both phases, but this time we apply the unitaries into the
Lindblad equation, instead of the Hamiltonian. For the normal phase we’ll have:

2
Wog

p = —ilwa'a — (a +ah?, p] + kD[a] + O(n~V/?) (4.2.1)

Since we have 7 — oo in the thermodynamic limit, only the zeroth order
term of the transformed dissipator survives, all the corrections of higher order
are negligible. For the superradiant phase we once again apply the displacemene
operator, this time using the parameter a that we got in the last section through
semiclassical analysis. In this case the parameter won’t coincide with what we
found for the closed model, since in this case the dissiapation introduces new
physics and we should expect a different displacement in the steady state. In
particular, the term has now an imaginary part:

IV Je

The displacement operator actually affects the dissipator, the net effect is that
we’ll have new terms on the commutator:

p = —i[D'[a]Hpapi D[] + ik(a*a — aal), p'] + k(2ap'a’ — a'ap’ — plata) (4.2.3)

After we apply the displacement operator and the usual procedure, the resulting
Hamiltonian for the superradiant phase is:

4g* 4\g ¢
with the last term corresponding to the ground state energy. Our master equa-
tion is thus:

6 O/
H,, = woa'a — 0, (a+a")?— = (g_ + g_c) (4.2.4)

/

P = —i[Hy, p'] + k(2ap'a’ — a'ap’ — p'a'a) (4.2.5)
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so we can see that in comparison to the normal phase, we simply have a sub-
stitution of the form:

4.3 Equations of motion

The equation of motion for the bosonic operators will be given by w = L,,u. With
Liouvillian:

il _m &
an_w0< @( _é) K Z(l_%)_ﬁ> (431)

We have an analog equation for the superradiant phase. It suffices make the
appropriate constant substitution that we saw at the end of the previous section.
The eigenvalues of the matrix will be:

lpp = —K E£iwgy/1 — g2 (4.3.2)

The first point of interest is g7 = 1. In this case the second terms become
purely imaginary, and the eigenvalue ¢ becomes purely real, and we begin to have
a decrease in the so-called asymptotic decay rate, defined as:

KRADR = —Re[ﬁnp]

Which is a quantity related to the "damping” of the system, if we consider
that the imaginary part plays a oscillatory role. The second point of interest is the
actual critical point of the system. We can see that for

ge = V1+R? (4.3.3)

the decay rate actually becomes zero. In the closed QRB, the phase transition
is characterized by the closing of the energy gap. But in the dissipative case the
notion of an energy gap is pretty much lost, and instead what we observe is the
closing of the Liouvillian gap. In this case we can see that the decay rate becomes
positive when we reach the critical point, and the solution becomes unstable. This
is really similar to what we saw in the closed system. If we do the same for the
superradiant phase, we get

, 92
lsp = —K £ iwy — E (4.3.4)
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The point of interest here is go = gg’/ ?. Between g. and go the square root

is imaginary, and thus, the second term contributes to the decay rate. After we

cross this point the term becomes purely imaginary once again, and the decay back
returns to its original value.

KADR

NP SP

0 1 & &"
g

Figure 6: Asymptotic decay rate as a function of g.

Moreover, we can calculate the expected value for the bosonic operators at
the steady state. For the normal phase they will be the trivial solution (a) =
0. This means that there’s no field displacement. However, since we displace
the Hamiltonian to solve for the superradiant phase we have, at the steady state
(a) = a. This means that we will have displacement in both quadratures. The
effect of the dissipation is to introduce a displacement into the p-quadrature, since
(p) < Im(a) o K, something that does not happen in the closed system.

" " (p) x Im(a) x K

Figure 7: Depiction of the distribution in the quantum phase space at the steady state.
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Introduction

The Dicke model is a many-body version of the Rabil model, describing the inter-
action between N atom and an electromagnetic mode:

N
. A .
Hpicke = wala + Y Qst + \/—N(a +ah)st (5.1.1)

We first write the Hamiltonian in a Rabi-like way defining an overall spin op-
erator:

S, = %Za;, S, = %Zag (5.1.2)

The Hamiltonian assumes the form:

A
Hpicke = wa'a +Q8S, + —N(a +a")s, (5.1.3)
As we’ll soon show, this model also presents a quantum phase transition with a
superradiant phase in the thermodynamic limit of infinite particles N — oo, which
is different from what we did for the QRM. This also means that the diagonalization
procedure that we’ll employ is slightly different.

5.2 Finding the eigenstates for the S, operator

First of all, we must look for a convenient basis to express our eigenstates. We
should first note that when we define the overall spin operators in this way, we
should have an invariance under a permutation of spins, i.e. the ordering is not
important. We can achieve this if we use the basis:

V BNn

where By, represents the binomial coefficient. The index p indicates the sum
over all permutations. So, in this notation for example we have:

[ p— I (5.2.1)

1
V3

We can thus expand the ground-state energy as:

13,1) = —=(]100) + [010) + [001)) (5.2.2)
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[Yas) =Y tn |N,n) (5.2.3)

There’s one further observation that we should make. Let’s apply the operator
S, on |3,2) for example. We can verify that:

S.13,2) = %[(— 1011) + [011) + [011)) +(]101)—[101)+]101))-+(|110)+]110) —[110))]
—25.|011)
thus
S.13,2) % 13,2) (5.2.4)

For a more general state, after we apply S, on a term |...) of [N, n), we'll create
n positive copies of this state and N — n negative copies. Therefore, when S, acs
on this kind of state we have:

Sly="y— N;” )= (n— g) ) (5.2.5)

For the state |3,2) for example, all of its terms have 2 spins up, and 3 —2 =1
spin down. Thus, we can verify that

N

S.|N,n) = (n - 5) N, n) (5.2.6)

In other words, if we generalize this idea we can see that S, is the eigenstate of
|m), with eigenvalue m:

S, Im) = m|m) (5.2.7)
with a mapping
N
m— o =, |m) — |N,n) (5.2.8)

moreover, since n goes from 0 to N, we have the following bounds for m:

m=55-1,.—5+1,-8

where s = N/2 is the maximum ”overall” spin, i.e., the maximum eigenvalue of
S,. Therefore, we can see that we have only 2s 4 1 distinct eigenvalues, and only
the overall spin has physical relevance. We can then factorize the problem to a
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much smaller H = H gosonic ® Hosr1 Hilbert state, since we have highly degenerate
states to this problem and states with no real physical meaning. We can thus write
the Hamiltonian as:

Hpicke = wala + Q8. + —=(a +a")S, (5.2.9)

A
V2S5

Diagonalizing the Hamiltonian

We can know use a similar strategy to diagonalize this Hamiltonian. We first apply
a rotation around the y-axis and then we displace the field. This means that our
transformed Hamiltonian will be:

H = D(a)evHe v D(a) (5.3.1)
this will be:

H = wla'a + a(al + a) + o
+ Q(Szsinf + S, cos )

+ ﬂ(Sx cosf — S, sind)(a’ + a + 2a)

V2s

There spin operators are cumbersome, so we’ll apply the Holsten - Primakoff
transformation, which can be used to describe the spin operators through bosonic
modes. We write:

S, =bb—s
S, =bl\/2s5 — bib (5.3.2)
S_ =b\/2s5 — bt

We can verify that this correspondence obeys the appropriate algebras. Since
in the thermidynamic we have a infinite number of particles, this corresponds to
s — 00. We can then approximate these relations to

S+ ~ \/%bT
S~ /2sb

considering that s is very large. This enable us to reconstruct the Hamiltonian
entirely trough bosonic operators. If we make the terms linear in b equal to zero,

(5.3.3)
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in the thermodynamic limit s — oo, we get the following equation:

% 2s5sinf 4+ 2aAcosf = 0 (5.3.4)
and for a:
Qo — V2sAsinf = 0 (5.3.5)
These two equations yield:
wQ N2
cosf = 4—)\2 = ﬁ (536)

with A, = 2)\/v/Qw, which is analogue to the parameter g in the Rabi model.
This means that we have two types of solutions: the trivial one, # = 0 with a = 0,
and a solution for A > A. we have a solution that is not trivial, i.e:

0=0,if A < A,
Phases : ’ 1/\2 <
cosf = 35, if A > A,
this corresponds to:
0,if A < Ao
V281 = 2N >

These phases correspond to the normal and superradiant phases, respectively.
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6 Appendix

6.1 Single-mode Squeezing

Action on the bosonic operators

( )
O Definition 1. We define the squeezing operator as

zaTaT—z*aa

S(z)=e = (6.1.1)

®as we’ll see, is a complex number related to uncertainity of

where z = re
| the quadratures.

J

These operators are relevant in this context because when we apply them to
the creation and annihilation operators, the following Bogoliubov transformation
is obtained:

4 )

™ Result 1. The squeezing operators enable us to consruct a new set of
bosonic operators given by

a = S'(2)aS(z) = acoshr 4 a'e? sinh r (6.1.2)

and

a' = S'(2)a’S(z) = a' coshr + ae™® sinh r (6.1.3) )

First of all, we should notice that the operator in the exponential is skew-
hermitian, since AT = Z(za'al — z*aa)’ = L(z*aa — za'a’) = —A. Thus, the
expression that we want to evaluate is basically e~“ae?. It’s possible to use one of
the BCH formulae to find:

—A_ A 1 1
e “ae” =a—[A, a] + i[A’ (A, a]] — ﬁ[A’A’ [A,a]]] + ... (6.1.4)

The first commutator is simply
1

§[zaTaT — 2%aa,a] = g[aTaT, al = g(aT[aT, a) + [a',ala’) = —za' = —ré

GaT

The second one, on the other hand, yields
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[A,[A, d]] = [2*aaq, za'] = r’a

The third commutator results in —r3e*a’, and so on. Therefore, the expansion

that we are looking for is

2 3
e Yaet = SlaS, = a (1 + % + ) +afe (r + % + > (6.1.5)

which can also be written as:
STaS, = acoshr + a'e” sinhr (6.1.6)

The proof for the creation operator is analogous.

Variance of the quadrature operators

Suppose we define the quadrature operators as * = a + a' and p = i(a’ — a). We
have the following result:

4 A

™ Result 2. The variance of the quadrature operators in the squeezed vacuum
state are give by:

Axz? = cosh 2r + sinh 2r cos § (6.1.7)

and

Ap* = cosh 2r — sinh 27 cos 6 (6.1.8) )

Since the Fock states are orthogonal, it’s easy to see that the first moments (a)
and (a') will be null. For the second moment of # on the other hand, we have:

(@*) = (0] ST[r](a + a")*S[r] |0)
But:

STr](a+ a")S[r] = (coshr + e~ sinhr)a + (coshr + e sinhr)al

If we take the square of this expression, only one term will remain, because all
the other one will act on the vacuum and go to zero. The surviving term will be:

(z*) = (coshr + e sinhr)(coshr + €™ sinh ) (0] aa' |0)

Since aal = ata + 1. we have
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(2%) = cosh? r 4 sinh?r 4+ 2sinh 7 cosh r(e? + =) (6.1.9)

and this simplifies to the expressions written above. Note that when the angle
of hte squeezing parameter is real, i.e § = 0, we have Az = ¢" and Ap=e7".

p b

Az

Figure 8: Depiction of the uncertainities of a squeezed vacuum state.

6.2 Displacement Operator

4 )
™ Definition 2. We define the displacement operator as

D(a) = et —o"@ (6.2.1)

Where o is a arbitrary complexr number related to the displacement in the
L phase space.

J

By making use of the BCH formula, as we did for the Squeezing operator, we
can show that the Displacement operator has the following property:

4 )
™ Result 3. The displacement acts on the annihilation operator according

to
Di(a)aD(a) = a+ « (6.2.2)

and on the creation operator as

. D(a)a'D(a) = a' + o (6.2.3) )
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This operator also has a pretty intuitive effect in the phase space - if we define
the displaced vacuum as |o) = D(«) |0) the expected value for the quadratures are:

() = Re(a), and (p) =Im(a) (6.2.4)

p

Figure 9: Depiction of the a displaced squeezed vacuum state.

so the displacement operator basically ”displaces” the expected value of quadra-
tures of the field but doesn’t change the uncertainties.

6.3 Diagonalization of the Hamiltonian

Suppose we have a Hamiltonian of the form:

H = ¢a'a + ka'a' + k*aa (6.3.1)

A good strategy to diagonalize this kind of Hamiltonian is the use of the Squeeze
operator. If we use the results of the last section for the transformation of the
creation and annihilation operators, we will see that the first term transform as:

StataS, = (S1a'S,)(S1aS.) = (a' coshr + ae™ sinh7)(a coshr + a'e™ sinh )

In the first equality I made use of the fact that S, is unitary. Hence, the
expression for the diagonalized Hamiltonian can be rewritten as:

STHS, = ¢(a' coshr 4+ e ®asinhr)(acoshr + e?a' sinhr)
+ x(a' coshr 4 ae™? sinh r)?
+ k*(acoshr + e?al sinh r)?
If we write the constant s in polar form as k = |k|e®, we can conveniently

choose the angle 6 of the squeezing parameter to be the same as ¢ in order to
simplify the expansions, obtaining:
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STHS, = (¢ cosh 2r + |k|sinh 2r)a’a
+ (g sinh 2r + || cosh 2r)(e*?atal + e ?aa)
+ |k|sinh 2r 4 ¢ sinh?® r

We should choose an 7 such that makes the expression in the second line go to
zero, therefore:

4 )
™ Result 4. A Hamiltonian of the form (6.3.1) can be diagonalized for a
real squeezing parameter given by:

2%

tanh 2r = ¢ (6.3.2)
or, alternatively
4r § B 2|I€|
= 6.3.3
© = ek (0:3:9)

This choice of parameters yields the following diagonalized form for the
Hamiltonian:

H=¢tdla+ % (6.3.4)

with

£ =/ —4xP (6.35) |

It’s also clear that we should have:

& > |25] (6.3.6)

Two level systems

Suppose we parametrize an arbitrary 2 x 2 square hermitian matrix as:

_ - _(at+a; Ay — 10y
A—Ao—f-a 0-_<ax+iay CLO—CLZ> (641)

We may also define a = /a2 + a2 + a2 and n = a/a = (n,,ny, n.). With these

definitions, we can parametrize the matrix as:
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A=Ay +a(n- o) (6.4.2)

If we express the vector m = (sin 26 cos 2¢, sin 260 sin 2¢, cos 26) in spherical co-
ordinates, the matrix assumes a nice form:

cos 260 e~ 2% gin 26
n-o= (em’ sin20  —cos?26 ) (6.4.3)

This method is useful because the matrix of eigenvectors assumes a particularly
simple form:

e?sin® e cosf

G (e cos e sm@) (6.4.4)

In the absence of a y-component the angle ¢ is null and this matrix assumes a
particularly simple form, which is the case of our work:

cosf@ —sinf
U= (sine cos ) (6.4.5)

The only relevant transformation will be the effect of the change of basis on o,
which will become:
0, = U'r,U = sin 207, + cos 207, (6.4.6)

because 7, = Uc,UT. We should also note that the Eigenvalues are given by:

Eig(A) =apta (6.4.7)
In our case a = (—2Xa, 0,€2/2), therefore:

V2160202 Q
Eig(A) = + +2 “ - + (6.4.8)
and lastly, by identifying the vector a we can also write the relationship between

the angle # and the parameters of the system:

4
tan 20 = —% (6.4.9)

= The Critical Rabi Model i1
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